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Tém tit: Bai bdo nghién ciru sw lan truyén cia séng Rayleigh trong mot ban khong gian dan hoi truc

huéng diege phit mét 16p mong. Lién két gitta 16p va ban khéng gian la gan chdt va gia thiét 16p la dan

dién va ban khong gian dan hoi truc huong nén duwoc. Muc dich chinh cua bai bdo nay la dwa ra cdc

phurong trinh tan sdc dang hién cia séng Rayleigh truyén trong cdu triic vit liéu nhw trén. Bang cdch dp

dung phwong phdp diéu kién bién hiéu dung, tic gia da thu dwoc phirong trinh tén sdc xap xi bdac 3. C6

thé thay rang, phwong trinh nay & dang hoan toan tuwong minh, ¢é d¢ chinh xdc cao va sé hitu ich trong

cdc g dung thuc té.

Tir khéa: Song Rayleigh, ban khong gian dan hdi nén dugc, 16p mong dan dién, phuong trinh tan sic.

1. GIOI THIEU

Song mit Rayleigh truyén trong ban khong
gian dan hoi dang huéng lan dau tién duoc
Rayleigh tim ra vao ndm 1985 trong tai li¢u tham
khao (Rayleigh, 1885), van dang 1a d& tai thu hat
mot khdi lwong 16n cac nha khoa hoc trén thé giéi
vi nhitng Gng dung quan trong cta nd trong
nhiéu linh vuc khac nhau cta khoa hoc va cong
nghé nhu dia chan hoc, am hoc, dia vat ly, céng
nghé truyén thong va khoa hoc vat li¢u. Co thé noi
rang nhitng nghién ctru ciia song mit Rayleigh c6
anh hudng sau rong dén cuoc séng hién tai va co
vi tri cao trong khoa hoc.

Ngay nay cau trac 16p mong dit trén ban
khong gian da va dang duoc st dung rong rai
trong cong nghé hién dai. Do vay viéc danh gia
khong pha hiay cac tinh chit co hoc cua chung
trude va trong qua trinh sir dung la quan trong va
c¢6 nhidu y nghia. Dé danh gia khong pha huy céac
tinh chat co hoc cia 16p véat liéu va ban khong
gian, song mat Rayleigh la cong cu thuan loi
(Adams and et. al., 2007). Khi do, phuong trinh
tan sdc cua chung dugc st dung nhu 13 co so 1y

! B mon Co hoc ky thudt, khoa Co khi, Truong Dai hoc
Thuy loi

thuyét dé chit loc ra céc tinh chét co hoc cia cau
tric tir dit liéu do dwoc tir thuc té.

Céu tric 16p mong dat trén ban khong gian dbi
v6i cac vat lidu dan hoi dang hudng, truc hudng
va cac vat li€u co6 ung suit truge da co rat nhidu
cong trinh nghién ctru va da thu dugc cac phuong
trinh tan sic chinh x4c va phwong trinh tan sic
xap xi (Vinh and et. al., 2013, 2014, 2016 ). Tuy
nhién d6i véi méi truong ban khong gian truc
huéng phu 16p vat li€u dan dién chua co bét ky
cong bd nao.

Do vay viéc nghién clru sy truyén cua song
Raleigh trong ban khong gian dugc phu bdi mot
16p vat liéu piezoelectric 1a can thiét va quan
trong. Diéu nay dua dén muc tiéu cia bao bai 1a
tim phuong trinh tan sic dang tuong minh cua
song miat Rayleigh truyén trong ban khong gian
truc hudng duge phu bdi mét 16p dan dién.

2. CAC PIEU KIEN BIEN HIEU DUNG
XAP Xi BAC BA POI CUA LOP PAN PIEN

2.1. Phwong trinh co ban

Xét mot ban khong gian dan hdi x, >0
duogc boi 16p hoi
mong —h < x; <0. Gia thiét, ban khong gian 1a

phu mot dan
truc hudng, 16p 1a dan dién, lién két gitra 16p

va ban khong gian 1a gin chat. Chi y cac dai
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lwgng dic trung cho ban khong gian va 16p 14  ngang néu cac dai lugng d6 thudc vé 16p. Ta
cung ky hiéu nhung phan biét boi ddu gach xét bién dang phang c6 dang:

u, =u(x,x,t), u =u(x,x,t), =3 u, =u=0. (1.1)

0 day ¢ 1a thoi gian. Gia su vét lidu cua 16p 1a vat liéu dan dién. Méi quan hé ng suat-bién dang va
dién the ¢ co6 dang (Bernard Collet and et. al, 2005):

Oy = Gyl +Cp3lty 5 + 631(1),3 s Oy = Cpslly +C3lly 5 + 632(1),3 s O)3 = Css (7’713 + ”731) + elSq),l (1.2)

trong d6 0, va ¢, tuong ung la ing sudt, ap suét thay tinh va hé sb ¢ cing khong nén duoc cia vat
liéu, dau phéy chi dao ham theo bién khong gian x, .

Céc phuong trinh chuyén dong ctia dan dién c6 dang:

5-11,1 +5—13,3 = f_)”_‘p 513,1 +5-33,3 = /5”_‘3’ D1,1 +D3,3 =0 (1.3)
day pla mat do khdi lugng, diu chdm chi dao ham theo bién thoi gian ¢ .
u| (M M,|U
T (1.2)-(1.3),taco: | _ |=|_ " |2 (1.4)
>’ M, M,| X
§day U =[u, n, )", =[G, 75 D,]" va """ chi ma tran chuyén vi, ddu phay chi dao ham theo
bién x, va
0 -0, —s.0, ng 0 0 po; —no; 0 0
M, =|-r0, 0 0 [[M,=|0 n, n,|, M= 0 pol 0 |,M,=M] (1.5
10, 0 0 0 n, n, 0 0 —ud;
trong d6 0} =0 /ox), 0> =0"/ot*, 0,=0/0x,
S, :el_5’ L= Ci3€53 — 3385 7, = 305 + €365 g, __L’ n, :Q_s’ n, = Ei’
Css 4 v Css /4 v
2 C(T.0. 42 = 2
p==d, -8 ooz, 48, neg, -t i) ol
Css /4
[j(n) (7 M M
Tu(14),taco: |_ |=M"|_|,M=|_" ~?|n=123,.,x, €[-h0] (1.6)
5 D M3 M4

2.2. Piéu kién bién hiéu dung xip xi bic ba

Vé6i h 1a nho (16p mong), bang cach khai trién Taylor X(—h) tai x, =0 1én dén bac ba cua £,
X(—h) c¢6 dang:

_ _ — 2 _ n—.

X(—h) =2(0)—hZ'(0) + 72”(0) — gz (0) (1.7)

Thay (1.4), (1.5) va (1.6) vo (1.7), Iy T(0) = [ (0) ,(0) BO), va (0) =[5, (0) 5,(0) 0T ,
ta co:

LR . .
Op; t h(r4o-33,1 +nu gy, — pu;)+ 7(a2®,111 - S()pq),l + a4513,11 + g PO; + sy — aIpL_lS,I)
W (1.8)
+Z(a10533,111 + a11p533,1 + a121’71,1111 - neepzﬁl,n + a13p7’71,11) =0
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h2
O3 + h(0131 pu3) +— (’”403311 + n22p033 + Uy, alpul,l)

1.
3 (1.9)
pig — == — - 2; _
+z(az®1,1111 +a;0P ), +a,0,5,,, +a5003, + Ny, — g Py — Ny P ”3,::) =0
2 .o
h(u® 1 1560, D+— (a70'3311 + ayuy S6pu1,l)
3 (1.10)
h 5y _ . _ -
+z(ag®,1111 =S PO |1 +ay05,) + NS PO 3 + Aylly gy, + a3u3,11) =0
trong do:
ay =1+r, a, = pr, +nsg, ay = uny, —s(1+1,), a, =1, + 1,5, —1ngg
as =n,, +n(1+1,)+n,sa, =1+2r;a, =15, — pn,,
2 2 2
Ay =2U1,Sg +1Sg — [Ny, Ay = 1,85 — UMy, Sg — 1N Fy — NS — [N, + 1,8, (1.11)
— 2 —
Ay =T, =Ny, = Uiy — 1Ry Ty = Ngly — 1My, Sg + 11, Sg, Ay = Ny (L+7,) + 1y + 1y,8¢,
2 2 2
Ay = [1ry =1 Nge +20(r, +1,8¢), @3 = 2(Mngg =1, — 15 —1,5¢)
Béy gio ta xét sy lan truyén ctia song mat trong 16p x; =— A, truyén vGi van tdc ¢ va so song k

theo hudng x, tat dan theo huéng x; . Chuyén dich &7, dién thé @ va ung suét o, c6 dang:
i, =U(y).e" ", 5, =kt ;(y)e" "™, ®=ikg(y)e* ™,y =kx,,i=1,3, (1.12)
Thay thé (1.12) vao (1.8) - (1.10) va tinh dén tai x, =0
#1,5(0) + &{pu(X —mU, (0) = uryt;,(0)}

g’ — 1 _ 2
+?{y(77—a1 X)U3 (0) +(a2S6 _Eax —a, :u_:unﬁeX_EsézX)tn (O)}

& 3 _ 3 _ - (1.13)
Jrz{((a10 y—5a2a7 + a,r, +a11yX+Ea756X—r456 X)t;(0)

+(a, 1 —%azz +ag —a X +auX — un X +3a,5, X —nsg X —%séz)_(z)U1 (O)} =0
;5 (0) + ‘9{/1)?1]3 (0) + put,;(0)}
& - 1,5 1 -
+_{,U(alX -mU,(0)+ (_S62X _Eag — pry = pny Xty (O)} (1.14)

(/1 n- asX ae e unsz + 86 X )U;(0)
Ha,s, — ag — a,pt— a uX + a5, X +5.X) t13(0)

voi & =k.h. O day U, (0) va t;(0) lacacbien U =[u u, 1", T =[o, 0,,]' thoa man cic diéu
d6 ctia chuyén dich va tng sut cia ban khong  kién bién hi¢u dung (1.13) va (1.14) va diéu kién
gian tai mat x, =0. Pay la diéu kién bién hidu tit dan tai x; = +o0 nhu sau:
dung x4p xi bac ba. N6 thay thé x4p xi toan bd U=T=0 tai x; = +o0. (1.15)
anh huong cua lop dan dién mong khong nén P P L
duroc 1én ban khong gian. MGai lién h¢ gitta chuyén dich-img suat c6 dang sau:

3. PHUONG TRINH TAN SAC

Xét mot ban khong gian dan hdi nén dugc. Khi Xét song Rayleigh truyén trong mét ban khong
d6, cac vecto chuyén dich va ung suat glan truc hudng nén dugc voi van toc ¢ (>0), b

Oy =Cplhyy +CplUy 5, O3 =Css (“1,3 +“3,1) (1.16)
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song k theo huéng x, va tit dan theo huéng x,. B,, B,1a cac hang s6 x4c dinh, va
Theo (Odgen and Vinh, 2004) , cac thanh phan (e teg)b,

- (Cssbk2 — 55+ X)

uy = U, (0" 5 uy = U, (p)e ™5 (1.17) b, b,1a hai nghiém c6 phin thuc duong ciia

trong do phuong trinh:
U=Be" +Be™; U=qBe” +aBe™ (1.18)  pt_gp? 1 p=0 (1.20)

x , (1.19)
chuyén dich c6 dang:

Pi dugc chi ra rang néu séng Rayleigh ton tai, thi

0 <X <minfcg.c,}; X =pc’ (1.21)
va P>0,S+P>0, bb, =P, b +b, =\S+2J/P (1.22)
Thay (1.17) vao (1.16) dan dén:

o, =kt ()" oy =ikt (¥)e* Yy =k, (1.23)
trong do

t;(0) =B Be™ + fBe™;  1;(0)=yBe™ +y,B,e™ (1.24)
B = —¢ss (b + o) Vi = i3 — by, k=1,2. .
Véi x; =0, phuong trinh (1.18) va (1.24) c6 dang:

Ui(0)=B, +B,; U,(0) =B +a,B,; 1,(0) = BB + ,B,; 1;5(0)=7,B,+7,B,. (1.25)
Thay (1.25) vao (1.13) va (1.14), ta co:

LB +1,B,=0, f,B+fB, =0 (1.26)
trong do

2

- P _ 1 _ 9
Ji = up, +‘L18(X—77—I’4}/1)+? (u(n —a, X)) +(a,sg _a4:u_§a8 _:unééX_ES()ZX),Bl)

3 = = - - s, 1 5=
& a12u+a877—5a22 —a, X +a,uX —ns X +3a,5, X —ung X° ——s,.°X°
"6 3 3 i
+(a, 1 + agr, —Eaza7 + all,uX+Ea7s6X — 1,5, X))y,

2
= & > 1 = 2 ,=
fz Z/Uﬂz +/u‘9(X_77_r472)+?(/u(77_a1X)a2 +(a2S6 _a4/u_§as _/lnééX_ESGZX)ﬂz)
3 = - - - — 1 ,=
e alz,u+a877—5a22 —a X +auX —nsg X +3a,5,X — ung X’ —ESGZXZ (1.27)
+_
3 = 3 = )5
+(a, u+ agr, —Ea2a7 +a“,uX+Ea7SGX—r4s6 X))y,

82

= = 1 .5 - 1
Sy =y, +pe(Xey +181)+?{,U(a1X_77)+(§S62X_lun22X_:ur4 _gag)%}
3
+%{(y7y—agf—a6yf—yn22f2 +5,. X)), +(ays, —ag —a4y—a5yz\_’+a3s6A_’+S62/\7),81};
= g’ . 1 ,= . 1
Jo=py, +ue(Xa, +ﬂ2)+7 /u(a1X_77)+(§S(> X —puny, X — pr, _Eas)%

\ _ _ -, ) —» (1.28)
+8_{(/”7_asX_a6/1X_/ln22X +s5, X )a, }

6 [ +(a,5, — g — ayp—a;uX + a5, X + 55 X)f,
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Do B’ + B; # 0, din dén dinh thitc ma tran hé s6 ctia hé thuan nhat (1.26) phai bang 0, ta c6:
Na—=1f=0 (1.29)
Thay thé (1.27) - (1.28), ta ¢6:
2 3

& & 4
A0+A15+A2?+A3?+0(5 )=0 (1.30)
4, =127, B, A =’ X[a, Bl+ 1’ (X —n)ly]
4, =22 X(X =] -’ [ B]-nu’[a. 7]

2 7 L s2x
+ (W —Zau—a it — @rng X +aus, —— s, Xy, Bl
3 3

a, i’ —%alzu +2a,un —2a,uX +3u° X

4= [7]
_ _ _ — 1 —
+a4u2X—/12n66X2 +3a1y56X—2y77562X+5/1562X2 (1.31)

+{3y2)?—2y277—2a5y)_( —3a,’ X -3u’n X’ +3a1ys6)_(—y562)_(2}[a,,6’]
[a]= X —¢,, —c NP, [Bl=[a;7] = css(¢;, = X —c;NP); [7]= iy NPAS + 24P,

[a; B]=css(c —X)\/S+2\/F, [7; B] 2655[(6’123 —cy5(ey, _X))\/E"'X(Cn - X)],
_ cy (e —X) +ess (e —X) = (¢4 +Css)2 p= (¢, =X)(ess = X)

C33Css C33Css

S

(1.32)

Phuong trinh (1.30) 1a phuong trinh tan sic xap xi bac ba hoan toan tudng minh. O dang khong thir
nguyén phuong trinh (1.30) duoc viét nhu sau:

2 3
&

D, + D, +-D, +%D3 +0(e")=0 (1.33)

oday Dy = u'[y, Bl D, =u (r’xa, BT + (@ x—n)y])
D, =Qur x(r)x—m)al +2u4 (-1, x=g)[B]

* * 2 * * * * * * 1 * *
+(a2 Sq _gag +,Ll (1”4 _a4)_(,u (nzz +1)+§(S6)2)l"v2x)[}/,,8]

* * 3 * P * ok * * *
a,u —E(a2 Y +2a,n +[3a,’s, =21 (s, ) —2a,

D, = [T
+u (a, +3n ny, +31, (@, —D)r’x—u Bny, — DX (1.34)
2u'n" +(Ba -3a, —a )y -2a, +3a,’ s )r’x .
+{ ,u*77* ((Bq, *;1 462):u 8 2 86 )T, }[0[,,3]
—(u (nyy +3)+(s5 ) )1, x7)
x:£;61 :&;ez :Ci;% :Ci;cn* :@;Cl; :fi'c ’ :Ei' € *23'6 f = Gs
. CSS CSS CSS CSS
voi

303 =5 €, 565 —
Css Css Css €3 \Es3 Css
- —_ * * *
G Gy Cs. . _G. . _ ’Css = _ ’Css s wox Oy 165
€ = — 2653 = — ,l"ﬂ Ll T TG = TG = TS T 6551 T« x>
\[633 C55 \[633 C55 CSS CZ p p 033 +(633 )
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* * * *
* G363 —C;363; o«
= shy)y

.

=—FF:n
* *\2 2 24
c33 + (633 )

* *2
c33 +(e33 )

* * * * * * 0
L (¢ +2¢ 655 )—cy3(e) | s

*_
n =q¢

b

* *.2
c33 +(633 )

* *

€33 Lo —Cs3

— 5.1
* *\2 2 44
c33 + (633 )

=T % .
Gy T (633 )

* NV * * * * % o
=—(g, Hes ) )a =l+ra, =ur, +17s;

* * * % * * * * * ok % * *\2 *\2 *
a, =1, +5Ss —n 5 as =1+2n a0 =2u 80 +17 (86 )" — (1) gy

alz* = ,u* (rz* )2 — (77*)2 + 277*r4* + 277*r2*s6*;a13* = 277* — 2r4* - (1"4*)2 - 2r2*s6*.

[a] =x—e VP [5]

r

1

T

[, 5T

+eleg—x)+l-x—(e +1)°

S , P =

)

0.8

= = van thc xap x
van the chinh xac

0.8 B i

07

0.6

0.5

0.4

0.3

0.2

0.6 0.8 1

Hinh 1. Puong cong vin toc xdp xi (dwong nét
durt) dwoc tim tie phwong trinh (1.33) va duwong
cong vdn toc chinh xdc (dwong nét lién)

Hinh 1 biéu dién van toc xap xi tim dugc tur

phuong trinh (1.33) va phuong trinh vén tdc chinh
xdc véi s0 lidu:

TAI LIEU THAM KHAO

(6 NS + 2P [y T = riz[(ei —e,(e, ~ NP +x(e, )]
(e~ x)(1-2)

€

—i(e1 —x—egx/?);[;/]* :ie3\/F\/S* +2\/?;
u T

(1.35)

e =3.5;e, =28e, =l;e, =2.5;¢, =1.5;¢, =3.2;
e =02, e, =1l,e, =0.5,
€,=0.0L7r, =05, =28. Tu hinh v& cho

chiing ta thdy duong cong van tdc chinh xac va
dudng cong van toc xap xi bam kha sat nhau. Piéu
nay chi ra duong cong van tbc xap xi tim duoc tir
phuong trinh (1.33) 1a rat tot va c6 do chinh xac
cao. Vi vdy phuong trinh tan sic xap xi bac ba
(1.33) thu dugc thuc sy tdt va la cong cu rat thuan
tién trong (rng dung thuec tién.

4. KET LUAN

Bai bio nguyén clu song Rayleigh truyén
trong ban khong gian dan hi tryc hudng phu boi
mot 16p moéng dan dién. Bai bido da thu dugc 2
diéu kién bién cho 16p dan dién. Tu 2 diéu kién
bién nay, tac gia dé tim duoc phuong trinh tan sic
xap xi bac 3 cho song Rayleigh. Pay 1a cac két
qua mai, c6 y nghia khoa hoc va hiru ich cho cac
nha khoa hoc nghién ciru céc bai toan truyén song
cho méi truong dan dién tur.
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Abstract:
THE APPROXIMATE SECULAR OF THE RAYLEIGH WAVE PROPAGATING IN
AN ORTHOTROPIC ELASTIC HALF-SPACE COATED WITH A THIN
PIEZOELECTRIC LAYER

This paper investigates the propagating of the Raleigh wave in an orthotropic elastic half-space coated
with a thin elastic layer. The layer and the half-space are in welded contact with each other with
supposing the layer is piezoelectric and the half-space may be compressible. The main aim of the paper
is to give explicit secular equations of the Rayleigh wave traveling in the materials. By applying the
effective boundary method, approximate secular equations of third-order in terms of the dimensionless
were obtained. It is shown that these approximate secular equations have high accuracy and will be
useful in practical application.

Keywords: Rayleigh wave, compressible orthotropic elastic half-space, thin piezoelectric layer,
approximate secular.
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